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Abstract 

The proof of the fact that there are no nontrivial, consistent cross- 
couplings that can be added between the Weyl graviton and the mass- 
less Rarita-Schwinger field is accomplished by means of a cohomolog- 
ical approach, based on the deformation of the solution to the master 
equation from the antifield-Becchi-Rouet-Stora-Tyutin (BRST) for- 
malism. The procedure developed here relies on the assumptions of 
locality, smoothness, (background) Lorentz invariance, Poincare in- 
variance, and preservation of the number of derivatives with respect 
to each field (the last hypothesis was made only in antighost number 
zero) . 

PACS number: ll.10.Ef 



1 Introduction 

A key point in the development of local gauge field theory is represented, 
without any doubt, by the discovery of the Becchi-Rouet-Stora-Tyutin (BRST) 
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symmetry [H [2] and, in this context, by the cohomo logical reformulation 
of the antifield-BRST symmetry [21 IU El El E|, which allowed the powerful 
algebraic methods to tackle many issues, like renormalization and anoma- 
lies [HliaHnimHaiiamiiaHSIIH- The applications of the cohomological 
reformulation of the BRST approach cover a broad spectrum, including the 
reformulation of the problem of consistent interactions among gauge fields 
as a cohomological problem of deforming the solution to the master equa- 
tion [18J. The main aim of this paper is to analyze the construction of consis- 
tent interactions that can be introduced between the linearized limit of Weyl 
gravity and the massless Rarita-Schwinger field from the BRST standpoint. 
Such an analysis is motivated on the one hand by the remarkable properties 
of conformal gravity and supergravity [19], as well as by the renewed interest 
in Weyl gravity [20] in connection with the ADS/CFT correspondence, and, 
on the other hand, by some supergravity models [211 1221 [231 121] , where the 
gravitino represents the supersymmetric partner of the graviton. 

Our procedure is based on solving the equations that describe the defor- 
mation of the solution to the master equation by means of specific cohomo- 
logical techniques. More precisely, we start from a free model describing the 
sum between the linearized limit of Weyl gravity and the massless Rarita- 
Schwinger action, and construct its antibracket-antifield BRST symmetry 
s, which splits as s = 5 + 7, where 5 is the Koszul-Tate differential and 7 
represents the exterior longitudinal derivative. Next, we briefly review the 
basic equations of the antibracket-antifield deformation procedure, and then 
pass to solving the equation that describes the first-order deformation of the 
solution to the master equation. The local form of this equation shows that 
the nonintegrated density of the first-order deformation of the solution to 
the master equation belongs to the local BRST cohomology in ghost number 
zero H°(s\d). The core of the paper is then dedicated to the computation 
of H°(s\d). Based on this computation, we prove, under the assumptions 
of locality, smoothness, (background) Lorentz invariance, Poincare invari- 
ance, and preservation of the number of derivatives with respect to each field 
(the last hypothesis was made only in antighost number zero), that there 
are no nontrivial, consistent cross- couplings that can be added between the 
Weyl graviton and the massless Rarita-Schwinger field. Consequently, the 
only interactions that can be added to the Lagrangian action are given by 
the self-interactions of the Weyl graviton, studied in detail in [25] from a 
cohomological perspective, since the massless Rarita-Schwinger field allows 
no consistent self-interactions, as it has been proved in [26] also on a coho- 
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mological basis. Our result is in agreement with the fact that it is not the 
Rarita-Schwinger field which appears in conformal supergravity, but a spin 
| field, described in the free limit by the action [19] 

where 

fa = i'f i l ( d 'fa ~ d *fa) + \lh£a m pd a ijj p ] , 
so it contains three derivatives instead of only one present in the Rarita- 
Schwinger theory. 



2 Free model: Lagrangian formulation and 
BRST symmetry 

Our starting point is represented by a free Lagrangian action written as the 
sum between the linearized Weyl gravity action [25] and the massless Rarita- 
Schwinger action [27] 

So Ku, fa\ = \J d A X (-^ PA ^757^A + WvvapW^) , (1) 

where W^ap is the linearized Weyl tensor in four spacetime dimensions, 
given in terms of the linearized Riemann tensor TZ^ va p and of its traces by 

(2) 

Throughout the paper we work with the flat metric of 'mostly minus' signa- 
ture a^ u = (H ). The notation [p, . . . u] signifies full antisymmetry with 

respect to the indices between brackets without normalization factors (i.e. 
the independent terms appear only once and are not multiplied by overall 
numerical factors). The linearized Riemann tensor is expressed by 

= \ (d^dphva + d u d a h^/3 — dydph^a — d^dahyp) 

= §<VH[agS], (3) 

while its simple and respectively double traces read as 

= a aP n mvP , n = a^n^. (4) 
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The linearized Weyl tensor can be expressed in terms of the symmetric tensor 
/C^ like 

= T^fiuaf3 — (C/i[Q!^/J]i/ — 0V[oX/9]/i) , (5) 

where 

fc'fjLv = \ {Tl^v - \°p.v7£) . (6) 

The spinor-vector ip^ has (Majorana) real components and the 7-matrices 
are in the Majorana representation 

7^ = -7m; 7/T = -7o7^7o, {n = M) , (7) 

where * and T in ([7]) signifies the operations of complex conjugation and 
respectively of transposition. The theory described by (pQ) possesses an irre- 
ducible and abelian generating set of gauge transformations 

Se,ehf, u = d^e v) + 2o>e, = ®vfi-> ( 8 ) 

where the gauge parameters e M and e are bosonic and 9 is a fermionic spinor 
with real components. The scalar gauge parameter e is responsible for the 
so-called conformal invariance of Weyl theory. The notation (fiu) signifies 
symmetry with respect to the indices between parentheses without the factor 
1/2. 

In order to construct the BRST symmetry for the model under study 
we introduce the ghosts 77^, £ and C respectively associated with the gauge 
parameters e M , e and 9. The ghosts rj^ and £ are fermionic, while C is a 
real, bosonic spinor. The antifield spectrum is organized into the antifields 
{h*^, ip*^} of the original fields {h^jip^} together with those of the ghosts 
{77*^, £*, C*}, of statistics opposite to that of the associated fields/ghosts. 
The antifields ip*^ are spinor-vectors with real components and C* is a purely 
imaginary spinor. 

Since the gauge generators of the free theory are field independent, it 
follows that the BRST differential simply reduces to 

s = 6 + j, (9) 

where 5 represents the Koszul-Tate differential, graded by the antighost num- 
ber agh (agh(<5) = —1), and 7 stands for the exterior derivative along the 
gauge orbits, whose degree is named pure ghost number pgh (pgh(7) = 1). 
These two degrees do not interfere (pgh(5) = 0, agh(7) = 0). The overall de- 
gree that grades the BRST complex is known as the ghost number gh and is 
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defined like the difference between the pure ghost number and the antighost 
number, such that gh(s) = gh(8) = gh(j) = 1. If we denote by 

d> Q ° = (V,Vv), v ai = (v,^,c) (io) 

the fields and ghosts of the free theory and by 

$; o = (^,^), < = (^,r,^) (ii) 

the corresponding antifields, then, according to the standard rules of the 
BRST formalism, the corresponding degrees of the generators from the BRST 
complex are valued like 

agh($ a °) = 0, agh(r] ai ) = 0, (12) 

agh($; o ) = 1, agh(r4)=2, (13) 

pgh($ a °) = 0, pgh(^) = l, (14) 

pgh($; Q ) = 0, pgh(i£j=0. (15) 

The actions of the differentials 5 and 7 on the generators (|T0|) - (fTT]) from the 
BRST complex are given by 

5h*» v = 2d a dpW^, 5^ = -^ pA «9,^757A, (16) 

5rj*" = -2d v h*^, 5C = 2h*, 5C* = d^*", (17) 
5$ ao = 0, 5r] ai = 0, (18) 

iKo = 0, T< = 0, (19) 
ih^ = d^r) v ) + 2a^, 7^ = <9 M C, (20) 
7^ = 7^ = 0, iC = 0. (21) 

The notation h* signifies the trace of h*^, h* = a^h*^. The BRST differ- 
ential is known to have a canonical action in a structure named antibracket 
and denoted by the symbol (, ) (s- = (•, S)), which is obtained by decreeing 
the fields and ghosts respectively conjugated to the corresponding antifields. 
The generator of the BRST symmetry is a bosonic functional, of ghost num- 
ber zero, which is solution to the classical master equation (S*, S) = 0. In 
our case the solution to the master equation reads as 

S = S£ [V, VV*] + / d 4 x [h*^ (d^) + 2a fa ,£) + r^C] . (22) 
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3 Deformation of the master equation: a brief 
review 



We begin with a "free" gauge theory, described by a Lagrangian action 
Sq invariant under some gauge transformations 



5^ = ZZ,e a \ _5-Z*=0, (23) 



6S& 

and consider the problem of constructing consistent interactions among the 
fields <£> a ° such that the couplings preserve the field spectrum and the original 
number of gauge symmetries. This matter is addressed by means of reformu- 
lating the problem of constructing consistent interactions as a deformation 
problem of the solution to the master equation corresponding to the "free" 
theory [TS]. Such a reformulation is possible due to the fact that the solution 
to the master equation contains all the information on the gauge structure 
of the theory. If an interacting gauge theory can be consistently constructed, 
then the solution S to the master equation associated with the "free" theory, 
(5, S) = 0, can be deformed into a solution S 

S^S = S + gS 1 +g 2 S 2 + --- 

= S + g J d D xa + g 2 J d D xb + --- (24) 

of the master equation for the deformed theory 

{S,S) = 0, (25) 

such that both the ghost and antifield spectra of the initial theory are pre- 
served. The equation (1251) splits, according to the various orders in the 
coupling constant (deformation parameter) g, into 

(S,S) = 0, (26) 

2{S 1 ,S) = 0, (27) 

2(S 2 ,S) + (S 1 ,S 1 ) = 0, (28) 

(S 3 ,S) + {S 1 ,S 2 ) = 0, (29) 



The equation (126]) is fulfilled by hypothesis. The next one requires that 
the first-order deformation of the solution to the master equation, Si, is a 
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co-cycle of the "free" BRST differential s- = {■,£>). However, only coho- 
mo logically nontrivial solutions to (12 7p should be taken into account, as the 
BRST-exact ones can be eliminated by some (in general nonlinear) field redef- 
initions. This means that S\ pertains to the ghost number zero cohomological 
space of s, H°(s), which is generically nonempty due to its isomorphism to 
the space of physical observables of the "free" theory. It has been shown 
(on behalf of the triviality of the antibracket map in the cohomology of the 
BRST differential) that there are no obstructions in finding solutions to the 
remaining equations ( (!28l) - (!29l) . etc.). However, the resulting interactions 
may be nonlocal, and there might even appear obstructions if one insists on 
their locality. The analysis of these obstructions can be done with the help 
of cohomological techniques. 

4 Consistent interactions between the Weyl 
graviton and the massless Rarita-Schwinger 
field 

4.1 Standard material: H(j) and H{5\d) 

The aim of this paper is the investigation of the effective couplings that can 
be introduced between the Weyl graviton and the massless Rarita-Schwinger 
field. This matter is addressed in the context of the antifield-BRST deforma- 
tion procedure described in the above and relies on computing the solutions 
to the equations ([27]) - (129]) . etc., with the help of the BRST cohomology. For 
obvious reasons, we consider only smooth, local, (background) Lorentz in- 
variant and, moreover, Poincare invariant quantities (i.e. we do not allow 
explicit dependence on the spacetime coordinates). If we make the notation 
Si = f d^xa, with a a local function, then the equation (1271) . which we have 
seen that controls the first-order deformation, takes the local form 

sa = <9 M m M , gh(a) = 0, e(a) = 0, (30) 

for some local mP 1 and it shows that the nonintegrated density of the first- 
order deformation pertains to the local cohomology of s in ghost number 
zero, a G H°(s\d), where d denotes the exterior spacetime differential. The 
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solution to the equation (|3"UI) is unique up to s-exact pieces plus divergences 



a -> a + sb + d tl n' x , (31) 
gh(6) = -1, e(6) = l, gh(n^) = 0, e(n'*) = 0. 

At the same time, if the general solution of fl30|) is found to be completely 
trivial, a = sb + d^n 11 , then it can be made to vanish a = 0. 

In order to analyze the equation (j3"0|) . we develop a according to the 
antighost number 

a = ^a i; agh(aj) = £, gh(aj) = 0, e(a;) = 0, (32) 

8=0 

and assume, without loss of generality, that the decomposition fl32l stops at 
some finite value of /. This can be shown, for instance, like in [2B] (Sec- 
tion 3), under the sole assumption that the interacting Lagrangian at the 
first order in the coupling constant, qq, has a finite, but otherwise arbitrary 
derivative order. Replacing the decomposition (1321) into the equation (1301) 
and projecting it on various values of the antighost number, we obtain the 
tower of equations 

(33) 
(34) 
(35) 

where m are some local currents with agh m = i. It can be 





= % 


(if 
m , 




5cli + 7a/_i 


= 9, 


(7-1)^ 

m , 




5aj + 7aj_i 


= 9, 


(i-i)" 
m , 


(!<?</-! 



/ i=Q,7 \ / 

proved that the equation (1331) can be replaced in strictly positive antighost 
numbers by 

7a/ = 0, 7 > 0. (36) 

The proof of this result is standard material and can be found for instance 
in [251 [251 EH ESI GEU EH- Due to the second-order nilpotency of 7 (7 2 = 0), 
the solution to the equation (I3"6"l) is clearly unique up to 7-exact contributions 

a/-»a/ + 76/, (37) 
agh(6/)=/, pgh(6j)=/-l, e(6j) = l. 
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Meanwhile, if it turns out that aj reduces to 7-exact terms only, aj = 76/, 
then it can be made to vanish, a/ = 0. In other words, the nontriviality of 
the first-order deformation a is translated at its highest antighost number 
component into the requirement that aj G if 7 (7), where H 1 ^) denotes the 
cohomology of the exterior longitudinal derivative 7 in pure ghost number 
equal to /. So, in order to solve the equation f[5U|) (equivalent with and 
f l54"|) - f[5o'j) ). we need to compute the cohomology of 7, H(j), and, as it will 
be made clear below, also the local cohomology of S, H(5\d). 

In order to determine the cohomology -££(7), we split the differential 7 
into two pieces 

7 = Iw + 7rs, (38) 

where acts nontrivially only on the fields/ghosts from the Weyl sector, 
while 7rs does the same thing, but with respect to the Rarita-Schwinger sec- 
tor. From the above splitting it follows that the nilpotency of 7 is equivalent 
to the nilpotency and anticommutation of its components 

{iwf = = (7r S ) 2 , 7w7rs + 7rs7h/ = 0, (39) 

so finally we find the isomorphism 

H{ 1 )=H{ lw )®H{ lKS ). (40) 

Using the results from the literature concerning the cohomologies H ('jw) and 
H(-fB.s) |2Sll26] we can state that -££(7) is generated on the one hand by $* o , 
77*^ d^ipv] and W^ap as well as by their spacetime derivatives and, on the 
other hand, by the ghosts C, rj^, d^rj^, £ and d^. So, the most general (and 
nontrivial), local solution to (1361) can be written, up to 7-exact contributions, 
as 

aj = aj ([^]] , [WW/?] , [K ] > (C,v»,d [fl Vu],t,d^) , (41) 

where the notation /([q 1 ]) means that / depends on q and its derivatives 
up to a finite order, while uj 1 denotes the elements of a basis in the space 
of polynomials with pure ghost number I in the corresponding ghosts and 
some of their first-order derivatives. The objects aj (obviously nontrivial in 
H° (7)) were taken to have a bounded number of derivatives, and therefore 
they are polynomials in the antifields $* o and 77*^ in the linearized Weyl 
tensor W^ap, in the objects d^ip^, as well as in their derivatives. They are 
required to fulfill the property agh(aj) = / in order to ensure that the ghost 
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number of aj is equal to zero. Due to their 7-closeness, 7a/ = 0, will 
be called "invariant polynomials". In zero antighost number, the invariant 
polynomials are polynomials in the linearized Weyl tensor W^ap, in the 
objects cJ^VV], and also in their derivatives. 

Substituting (jUJ) in fl34l) we obtain that a necessary (but not sufficient) 
condition for the existence of (nontrivial) solutions a/_i is that the invariant 
polynomials aj are (nontrivial) objects from the local cohomology of Koszul- 
Tate differential H(S\d) in antighost number / > and pure ghost number 
zero, 

(i-if 

5a! = d„ j , (42) 
/(j-iA f(i-if\ 

agh j =1-1, pgh j =0. 



We recall that the local cohomology H(S\d) is completely trivial in both 
strictly positive antighost and pure ghost numbers (for instance, see [32l [33] . 
Theorem 5.4 and |34j). Using the fact that the Cauchy order of the free theory 
under study is equal to two together with the general results from (32j [33] , 
according to which the local cohomology of the Koszul-Tate differential in 
pure ghost number zero is trivial in antighost numbers strictly greater than 
its Cauchy order, we can state that 

Hj(6\d) = for all J > 2, (43) 

where Hj(5\d) denotes the local cohomology of the Koszul-Tate differential 
in antighost number J and in zero pure ghost number. It is quite reasonable 
to assume that if the invariant polynomial aj, with agh(aj) = J > 2, is 
trivial in Hj(5\d), then it can be taken to be trivial also in Hy v (5\d) 

(jf \ ( (Jf 

aj = 5b J+1 + <9 M c , agh (aj) = J > 2 [ aj = 5(3 J+l + 9 M 7 



(44) 

(Jf 

with both /3j+i and 7 invariant polynomials. Here, if} nv (^|(i) denotes the 
invariant characteristic cohomology in antighost number J (the local co- 
homology of the Koszul-Tate differential in the space of invariant polyno- 
mials). This assumption is based on what happens in many gauge theo- 
ries [23 [261 [211 [2H [301 EH [35]. The results Pty-ipp yield the conclusion 
that 

HJ y {5\d) = 0, for all J > 2. (45) 
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With the help of the definitions (TT6"|) - (jl8p we observe that both H2(S\d) in 
pure ghost number zero and H 2 nv (5\d) are spanned only by the undifferenti- 
ated antifields 

H 2 (5\d) and H 2 nv (5\d) : (C*,^) . (46) 

In contrast to the groups (Hj(8\d)) J>2 and (^H 1 f v (5\d)) J>2 , which are finite- 
dimensional, the cohomology H\{5\d) in pure ghost number zero, that is 
related to global symmetries and ordinary conservation laws, is infinite- 
dimensional since the theory is free. Fortunately, it will not be needed in 
the sequel. 

The previous results on H(5\d) and H mv (S\d) in strictly positive antighost 
numbers are important because they control the obstructions to removing the 
antifields from the first-order deformation. This statement is also standard 
material and can be done like in [251 [23 123 ISH GSB EH [35] . Its proof is mainly 
based on the formulas (H3"j) - fT4"5]) and relies on the fact that we can successively 
eliminate all the pieces of antighost number strictly greater than two from 
the nonintegrated density of the first-order deformation by adding only trivial 
terms, so we can take, without loss of nontrivial objects, the condition I < 2 
in the decomposition fl32|) . In addition, the last representative is of the form 
( |4"T|) . where the invariant polynomial is necessarily a nontrivial object from 
H' 2 nv (5\d) for / = 2, respectively from H x {5\d) for 1 = 1. 



4.2 Case 1 = 2 

In the case 1 = 2 the nonintegrated density of the first-order deformation 
( I3"2"|) becomes 

a = a Q + a>i + a 2 . (47) 
We can further decompose a in a natural manner as 

a = a^W RS) W int) , (48) 

where a^ w ' contains only fields/ghosts/antifields from the Weyl sector, aS K ^ 
is strictly related to the Rarita-Schwinger theory and a^ mt ^ describes the cross- 
interactions between the two theories, so it effectively mixes both sectors. 
Each of the three components satisfies an individual equation of the type 
( I3"U|) and admits a decomposition similar to fT4T|) 

a k = a™ + af S) + af t} , (k = 0, 1, 2), (49) 
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so each type of deformation is subject to a set of equations of the form 
(J2H]) and (}3"4")) - (l3"5"j) for 1 = 2. We are interested only in the term a^ nt ^ 
since the others merely describe the self-interactions of Weyl and respectively 
of massless Rarita-Schwinger theory, which have already been studied in 
the literature. The self-interactions of Weyl theory are known to describe 
the Weyl gravity action [22], while the Rarita-Schwinger model leads to no 
consistent self-interactions [26J . Using the formula (|4ip for pure ghost number 
two and the result (H6l) . we deduce that the most general, nontrivial element 
a 2 mt ^ (as solution to the equation 7a 2 mt ' ) = 0) is 

+h(d ll OC*YC + k^C*C, (50) 

with (k a ) a= Ys some arbitrary complex constants (k 2 and k§ are real numbers 
and the others are purely imaginary). On behalf of the definitions (fIEl) - (121j) . 
from ( 1501 we get 

£a 2 mt) = <9 M jf + 7&i 

-cu (4^;7 [/ v ] c + hr u c) , (51) 

where 

ft = -2hh*^C lv C + k 2 d [a r m r il l [a l P] C 

+ (h (d a + k 3 rj a ) r»l a C + hWC, (52) 



-[k 3 v, + h m)}r P rr 

-k 2 d [fl h u]p r P l [ ^l u] C. (53) 

By means of the relation ( IBTT) . we observe that the existence of a[ mt ^ as 
solution to the equation + 70i mt ^ = d^m requires that 

k 2 = h = h = 0. (54) 
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Inserting (1511) in (1571 and (15"TI) . we have that the pieces of antighost number 
two and one from a( mt - ) respectively read as 

4 nt) = hv^C^C + k 4 (d^) C*-fC, (55) 

af nt) = -Ahh^C^ + k 4 [(d^) r p rV - K^-fC] . (56) 
After some computation we find that 

<5af nt) = d^jg + 7& + c , (57) 

where 

H (d^ P ) 7s^a - K„J pl5lxl a C] , (58) 

b = -Ah (dpW^) W7^ a - |fc4/C Ma e^ A ^757p7>A, (59) 

c = Ah&W^d^jvC 

+he^ px [(d^) 4> P islxl a C + i (d$ v ) 75 (9 p ^a)] • (60) 

Combining (15T|) with flBUj) . we observe that the existence of solution 

^(int)/z 

to the equation Sa^' + 7a mt ' ) = <9 M m implies that c = 0, which is 
equivalent to the vanishing of the remaining constants 

k 1 = k A = 0. (61) 

Replacing flBTT) in (I55I) - (I56I) . we conclude there is no nontrivial first-order 
cross-coupling that stops at antighost number two. It is remarkable to note 
that the impossibility of consistent, nontrivial, first-order deformations that 
end at antighost number two was obtained without imposing any restriction 
on the derivative order of the interacting Lagrangian. 

4.3 Case 1=1 

The next step is to investigate whether there exist nontrivial, cross-coupling 
first-order deformations that end at antighost number one (1 = 1) 

a (i„t) =a (int) +a (int) ; (62) 
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with a^ 11 ^ from if 1 (7). According to (j4"Tl) . we deduce that the most general 
form of that might provide effective cross-interactions is written like 



[M^i + M^d [am + + M^tA + h^CM^, (63) 



(int) 

where M pu , M p alS , M p , and M pu are spinor-tensors depending on the 
original fields, which are gauge- invariant, fermionic objects (each of them can 
be generically written like Ma = U^fd[ a iJ)p\ , where U^f are bosonic matrices, 
possibly involving W 10 "" 13 ). All the matrices appearing in (I6"3"j) must be purely 
imaginary. Direct calculations based on the definitions (TT6|) (l2Tj) lead to 

5a { l nt) = 3 M m£ + 7 e + /„, (64) 
where we made the notations 

+2 (dpW^) CM au + W^ vP Cd [v M p]a 
+e^ pX C lbl „ {-M pa lC a x + M p ^d [a h m + \M pa hi) , (65) 

e = er"*$wy v {-M pa fC a x + M p a0 d [a h 0]x + \Mpahi) 

-2 (dpW^) ^ a M pv - W^fodfrM^, (66) 



+ (d [p M x] + M [H ) £ + (-M [p <^ + 9 [p M A f - 4M^) «9 a £ 



+ IW^9 [M M Q]h/3] ] . (67) 

If we look at (1641) . we observe that the existence of a^ 11 ^ as solution to the 
equation <5a^ mt ' ) + 700"^ = d^m requires that 

fo = 0. (68) 
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This observation leads to the following identities that must be satisfied by 
the various fermionic spinor-tensors 

d [p M x]a = 0, (69) 

d^Mf + \M**S§ = 0, (70) 

d [p M x] + M [H = 0, (71) 

- M[/a] + d [p M x ? - 4M [p a x] = 0, (72) 

^1*1*% {-M pa K, a x + M p ^d [oi h p]x + \M pa hi) 

+ l W ^P d[iM M a]M = o. (73) 



some 



The solutions to the equations fl69l) - fl72l can be expressed in terms of 
arbitrary, fermionic, spinor and gauge-invariant objects, like 

M m = d p N a , (74) 

M a = -N a + d a M, (75) 

= -\N [a 5® +d p M a ^ (76) 

M pv = 4M pu + Ma pu + d p M a} (77) 

where M pv is antisymmetric. Using the solutions fl74l - (!771) in (!73|) . we then 
find 

i w ^ap [ 9{iJb M v][oiA + 7 57 p 5 A {e^pxMvp + e aPpX M pu )] 

+ i £ ^pA 757m (^M va + d„M a ) d [p IC x f = 0. (78) 

This last equality yields 

d[„M v][aA + 75 7"<9 A {e pvpX M a(] + e afipX M pv ) = 0, (79) 

AM ua + d v M a = 0. (80) 

If we take the symmetric part of flHUl) and perform some simple computation, 
we get 

M a = 0, (81) 
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which then produces 

Mua = 0. (82) 
Replacing the results (|8Tl) -(l82l) into ( 1791) . we obtain the equation 

d[»M v][aA = 0. (83) 

Putting together the relations f!71|) - fl77|) and f[8"Tl) - f[8"3l . we conclude that the 
solutions to the equations fl69|) - fl73|l can be written like 

M m = <yV a , (84) 

M a = -N a + d a M, (85) 

= -\nH^ (86) 

= Ma^ v , (87) 

= dfrM u) , (88) 

in terms of some arbitrary, fermionic, spinor, gauge- invariant objects N a , M 
and M v . Inserting the solutions (I84|) - (l88|) into (l63l) . after some computation 
we arrive at 

af^ = d^rf + sq + 7T, (89) 
where the following notations were employed 

n» = V* M + N u r)„\ + 2h*^CM u , (90) 
r = -l^N v h^ + 2h*^M v , (91) 
q = -C* (j\4£ + N u 7]^ - 2r ] *»CM fl . (92) 

As we have previously discussed, the solution to a[ mt ' ) is unique on the one 
hand up to 7-trivial contributions (since it represents the component of high- 
est antighost number from the first-order deformation, as it can be seen from 
the expansion (j62p ) and, on the other hand, up to s-exact modulo d terms 
(since it belongs to the first-order deformation), so we can choose 

af nt) = 0. 

In conclusion, there are no nontrivial, cross-coupling first-order deformations 
that end at antighost number one. It is important to note that the absence of 
consistent, nontrivial first-order deformations that end at antighost number 
one also emerged without imposing any restriction on the derivative order of 
the interacting Lagrangian. 
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4.4 Case 1 = 



At this stage, we are left with a sole possibility, namely, that a( mt - ) reduces 
to its antighost number zero component (J = 0) 

a ( int ) = 4 int) , (93) 

which is subject to the equation 

S nt) = d, m , (94) 



1% 



( )(mt)M 



for some local m . There are two main types of solutions to (1941 . The 

Hint) (o)( int )^ 

first type, to be denoted by a , corresponds to m =0 and is given by 
gauge-invariant, nonintegrated densities constructed from the original fields 
and their spacetime derivatives, which, according to (141 p . are given by 

a ^) = a f*)([^]],[W^]) ) (95) 

up to the condition that they effectively describe cross-couplings between 
the two types of fields and cannot be written in a divergence-like form. At 
this point we invoke the hypothesis on the preservation of the number of 
derivatives on each field, which means here that the following two require- 
ments are simultaneously satisfied: (i) the derivative order of the equations 
of motion on each field is the same for the free and respectively for the in- 
teracting theory; (ii) the maximum number of derivatives in the interaction 
vertices is equal to four, i.e. the maximum number of derivatives from the 
free lagrangian. This further yields the trivial solution 

af nt) = 0. (96) 

If we however relax the derivative-order condition, we can find nonvanishing 
solutions of the type fl95l FI. In conclusion, the condition on the number of 
derivatives prevents the appearance of the solutions of the first type. 

The second kind of solutions, to be denoted by a'^ mt \ is associated with 

( )(int)// 



m 4 in (1941) 



7 a' ' (int) = d, $ . (97) 



1 An example of a possible solution of the form |95|) is represented by the cubic vertex 
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In order to solve the equation fl97|) we recall the requirement that Og may 



contain at most four derivatives of the fields. Thus, it is useful to decompose 
a'^ int ^ according to the number of derivatives into 

ao (int) = A + Ax + A 2 + A 3 + A 4 , (98) 

where (Ai) i= g-j contains i derivatives. Substituting (1981) in ( 1971) . it follows 
that the latter equation becomes equivalent to two independent equations, 
one for each derivative order 

7A0 = V, (99) 
7A1 = d^, (100) 
7 A fc = <y£, fc = 2,3,4. (101) 

As Ao has no derivatives, we find that 

7Ao = l^ d » c + ^ ^ + 2(vC) ' (102) 



The right-hand side of ( I102p can be written like in the right-hand side of (1991) 
if 

H^h°' H^h°' ^ = (1 ° 3) 
It is easy to see that the only solution to the all of the above equations is 
a (real) constant, which can always be taken to vanish. Let us analyze now 
the equation (11001) . We denote the Euler-Lagrange derivatives of Ai by 

A<# = B»= ^i, (104) 

dh af3 dip^ 

and ask that (the symmetric tensor) A a @ contains at least two massless 
Rarita-Schwinger fields and that includes at least one Weyl graviton (in 
order to enforce the existence of effective cross-couplings). At the same time, 
A af3 and B" are precisely of order one in the field derivatives, with both 
A a P and B^ real objects (the first is bosonic and the second fermionic), and, 
moreover, B^ is a spinor- vector. Using the definitions ( 1201) . it follows that 
the equation (11001) further restricts A af3 and B^ to satisfy the equations 

d^W = 0, (105) 
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d a A af3 = 0, A at3 a af3 = 0. (106) 
The solutions to the above equations are 

B p = d v B v »i B pv = -B"i>, (107) 
A af3 = d p A pa ^ A paf3 = -A apf3 , A paP a aP = 0, (108) 

where the antisymmetric tensors B pu and A pa/3 depend only on the original 
undifferentiated fields. The tensors B pv and A pal3 have the same properties 
(Grassmann parity, reality, spinor-like behavior) like B p and respectively 
A a0 . We insist on the fact that a solution of the type A pu = d a dpD pavl3 , 
with D pauf3 possessing the symmetry properties of the Riemann tensor, is 
not allowed in our case due to the hypothesis on the derivative order, and 
hence fllOSp is the most general solution to the equations (11061) in this case. 

Let N be a derivation in the algebra of the fields and of their spacetime 
derivatives, that counts the number of the fields and of their derivatives, 
defined by 



d 



k>0 



(109) 



<9(<9 m • ■■d llk h a p 

Then, it is easy to see that for every nonintegrated density u we have that 

Nu = —ij a + jj—Kp + d^, (110) 

where 5 R u/5ip a and 6u/Sh a/ 3 denote the Euler-Lagrange derivatives of u with 
respect to ip a and respectively to h a p. If vS 1 ' is a homogeneous polynomial of 
order I > in the fields and their spacetime derivatives, then NvP^ = IvS 1 '. 
Using ffTOD . (TTOTh ( TT08|) and ffTT0|) we infer that 

NX X = -\ {B p »d { ^ u] + A p ^d [p h a]p ) + d,s p . (Ill) 

Now, we expand Ai like 

Ai = 5>?\ (112) 

z>o 

where NX^ = IX,, such that 

jVA 1 = ^/Ai . (113) 

z>o 
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Comparing the relation (11 111) with (1113)) . we conclude that B^ and A pal3 
inherit some decompositions similar to (11121) 

S r = J- B^_ 1} , A pa/3 = £ A&y (H4) 

l>0 l>0 

Inserting (jl 14)) in (II lip and comparing the resulting expression with (11131) 
we deduce that 

A? = ~k (^S-i)^^l + A (i-iA h ^) + d^iy (H5) 
Replacing ffTT5|) in ffTT2l) . we find that 

Ax = -\ (B^d^ v] + A^d [p h a]p ) + d^z", (116) 

where 

l>0 l>0 

Using (11161) we obtain that 

n (SB* 1 " , dA pup . , \ 

+2 [dh^ d[ ^ ] + -dh^ d[ » K]p ) Uapi 
dB^ „ dA^ p 



d A^ d[ ^ ] + ^ dVlK]p )\ T]P 
-(dpArt)d [pVa] }+d^. (118) 

Comparing (1118)) with (1100)) and taking into account the fact that 0, £, rjp 
and 9[ p ?7 a ] are independent elements of pure ghost number equal to one of 
the basis in the space of polynomials in the ghosts, we find that the tensors 
B pu and A pa/S are restricted to fulfill the conditions: 

fd L B^ u Q L A^ up \ 

dx \c5^ d[ ^ v] ~~d^ d ^ K]p ) = °' (119) 

dB^ dA^ up \ 

~3K~p d[ ^ u] + ~dh^ d[pku]p ) ° aP = °' ^ 12 °^ 

HW^ + ^^'J = °' (121) 

dp A paP = o. (122) 
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Since A pa/3 are nonderivative functions, from the last condition we deduce 
that they are constant. By covariance arguments they must vanish 

A pa(3 = 0. (123) 

Inserting ffT23l in ffTTl) - ffT2Tj) we arrive at 

9 * (-zr-^M = °> ( 124 ) 



dip x 

Vap^r — dfripv] = 0, (125) 

Chap 

m^ 9 ^) = (126) 

The equation (j!24p implies that 

ttj ®\fityv] = dpS**, S pX = -S Xp , (127) 
dipx 

for some spinor-tensor S* mA . By direct computation we find 

Q L B pv ( d L B fJ,u d L B Xu 

p 7 d [^u\ = - ip v - - ip v 

dipx V dipx oipf, 

fd L B pu d L B Xu 
V dipx dip^ 



d L B^ 
dip 



"2 ( d »^j~ ) •*!>»• ( 128 ) 



Comparing fl 127ft with (11281) we infer that the last two terms in the right-hand 
side of (1 1 281) must vanish 

^y- ( oT ) = °> (129) 



V dipx 



dipx dip^ 
As B pv contains no derivatives, the equation (I129p gives 
d L B pu 



dipx 
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C x " u , C xpu = -C Xup , (131) 



for some constant matrices C Xflu . Substituting (11311) into (j!30p . we obtain 
the equation <9 M ((C Xtlv + = 0, which further implies 

so the objects C x ^ v are completely antisymmetric in their Lorentz indices. 
In consequence, from (11311) we get 

BT = $ X C X ^. (133) 

From (I133p we find that dB^ u / dh af3 = 0, so the solution (11331) verifies also the 
equations (11251) and (I126P . In the meantime, the general form of the constant 
matrices C XfJjU reads as C XfJjU = k^ X/ y fJj 'y u \ with k an arbitrary numerical 
constant, such that 

B" v = k^xl [X YY ] - (134) 
Introducing the solutions (11231) and (11341) in (I116p . it follows that 

A!(x^ A 7 [ V7%^]- ( 135 ) 

We are now left with investigating the solutions to the equations (HOip . 
Taking into account the hypothesis on the preservation of the number of 
derivatives on each field, we obtain that 

A 2 = \ 2 (ip,h,dh,dh) , (136) 
A 3 = A 3 (i/j, h, dh, dh, dh) , (137) 
A 4 = A 4 h, dh, dh, dh, dh) , (138) 

which signifies that for the values k = 2,3,4 the functions A& depends only 
on the undifferentiated Rarita-Schwinger field, on the undifferentiated Weyl 
field, and also on k spacetime derivatives of order one of the Weyl field. If 
we make the notations 

Ak 'Shop' k ~ 00 M ' ^-^3,4, (139) 

on behalf of the formulas f II 3 6 [) — (1138 h we deduce that 

B% = B%(^j 7 h,dh,dh) , (140) 
B» = B$(ip,h,dh,dh,dh) , (141) 
Bl = B£(ilj,h,dh,dh,dh,dh) . (142) 
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By means of the definitions (l2"Uj) . we infer that the equations fllOip are satis- 
fied if the Euler-Lagrange derivatives and By. are subject to the equations 

= 0, (143) 

d a Af = 0, A? (Tap = 0. (144) 
The solutions to the equations (11431) are given by 

B£ = d u B^, = -5f , (145) 

while the solutions to (11441) are not important in what follows and will not be 
considered here. On the one hand, the relations (1140 1) — f 1 1 4 2 [) show that By. do 
not depend on the derivatives of the Rarita-Schwinger field, and, on the other 
hand, the equations (11451) imply that B% do depend on these derivatives. As 
a consequence, the solutions to the equations (I143j) are merely constant, i.e., 

K = C£. (146) 

Due to the fact that By. are spinor-vectors and since the present field spec- 
trum does not allow the construction of constant spinor-vectors, it results 
that the sole solution to the equations f!143j) is vanishing 

K = 0. (147) 

Replacing (11471) in the latter relation in (I139p . we reach the conclusion that 
the quantities (\k)k=T4 d° no ^ depend on the Rarita-Schwinger field and, con- 
sequently, they cannot describe cross- couplings between the Weyl graviton 
and the Rarita-Schwinger field, as required, so we can take 

\ k = 0, k = 2,3,4. 

In this manner we arrive at the final solution 

a (int) = a ,(int) + a ,(int) = ^ ^ ^l^g^ ^ 

to the equation fl94l .The above a[ ) mt ' ) does not describe cross-couplings be- 
tween the Weyl graviton and the Rarita-Schwinger field. Moreover, it neither 
produces self-interactions of the Rarita-Schwinger field since it is proportional 
with the free Lagrangian of this theory, and, accordingly, it must be discarded 
from the first-order deformation. Thus, there is no nontrivial possibility to 
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couple the Weyl graviton to the massless Rarita-Schwinger field by means of a 
first-order deformation that reduces to its antighost number zero component 
under the working hypotheses invoked in this paper. Thus, the conclusion of 
this section is that the first-order deformation vanishes 

Si = 0, (149) 

so the solutions to the higher-order deformation equations, (T28]) — (T29|) . etc., 
also vanish 

S 2 = S 3 = --- = 0. (150) 

5 Conclusion 

In this paper we have investigated the cross- couplings that can be introduced 
between the Weyl graviton and the massless Rarita-Schwinger field from 
the BRST formalism point of view. Thus, under the general conditions of 
locality, smoothness, (background) Lorentz invariance, Poincare invariance 
and preservation of the number of derivatives with respect to each field (the 
last hypothesis was made only in antighost number zero), we have proved 
that there are no such cross-couplings. The only deformations that can be 
introduced in relation with the free model under study are represented by 
the self- interactions of Weyl gravity, since there are no consistent, nontrivial 
self-interactions of the massless Rarita-Schwinger field (see, for instance, the 
consistency arguments invoked in [2"o]). 
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